IN this paper we shall study the connection between local and global nilpotency for groups which satisfy certain chain conditions. In the first section, we shall prove that a group satisfying the chain condition on centralizers has a unique maximal normal nilpotent subgroup (the Fitting subgroup), i.e. the group generated by all normal nilpotent subgroups must again be nilpotent. In the second section, we shall consider a stronger chain condition, namely on intersections of families of uniformly relatively definable subgroups. Although it sounds unwieldy, it occurs naturally in model theory in the analysis of stable or substable groups. In particular, it is satisfied by linear groups. The main result here states that a locally nilpotent group satisfying this chain condition must be hypercentral. We then apply this to characterize left Engel elements in terms of the Fitting subgroup and the Hirsch-Plotkin radical, and give partial information about the hypercentrality of right Engel elements, generalizing results from [7] .
IN this paper we shall study the connection between local and global nilpotency for groups which satisfy certain chain conditions. In the first section, we shall prove that a group satisfying the chain condition on centralizers has a unique maximal normal nilpotent subgroup (the Fitting subgroup), i.e. the group generated by all normal nilpotent subgroups must again be nilpotent. This generalizes results of Bryant [1] for the periodic case, and Poizat-Wagner [6] and Wagner [8] for the case of stable groups. We shall then use a result of Gruenberg [3] to deduce a characterisation of Engel elements.
In the second section, we shall consider a stronger chain condition, namely on intersections of families of uniformly relatively definable subgroups. Although it sounds unwieldy, it occurs naturally in model theory in the analysis of stable or substable groups. In particular, it is satisfied by linear groups. The main result here states that a locally nilpotent group satisfying this chain condition must be hypercentral. We then apply this to characterize left Engel elements in terms of the Fitting subgroup and the Hirsch-Plotkin radical, and give partial information about the hypercentrality of right Engel elements, generalizing results from [7] .
Notation. (G) , and the ascending central series by {Z n (G)}\ the last one may be continued transfinitely by taking unions at the limit stages. The hypercentre ZJJ3) is the union of all iterated centres, and G is called hypercentral if G = Z a (G) for some ordinal a. A group is locally nilpotent if any finitely generated subgroup is nilpotent; it is uniformly locally nilpotent if any finitely generated subgroup is nilpotent and the nilpotency class depends only on the number of generators. The series of iterated centralizers of A in G modulo H is defined inductively via C%{AIH) = H and C Proof. We use induction on the derived length of G, the case of an abelian group being obvious. So we may assume that G' is nilpotent, and it is sufficient to show inductively that all iterated centres of G' lie in some iterated centre of G. (1) G is soluble and satisfies some commutator identity w(x, y) = 1, or (2) G is uniformly locally nilpotent.
Trivially, {1} = Z 0 (G') is contained in Z 0 (G). Now suppose that Z t {G') is contained in Z k {G), and consider the action of GIG' on A: = Z,+i(G')/Z k (G) by conjugation. As

Then G is nilpotent.
Proof. Case (1) is obvious from Proposition 6, and in case (2) Fact 2 (2) implies that G is soluble, and uniform local nilpotency implies some commutator condition. is nilpotent of class c, and this is satisfied by any element g in F(G). By w-saturation there is some go in G satisfying all these formulae together. But then g 0 lies in a normal nilpotent subgroup of class c by (1) and must be contained in the Hirsch-Plotkin radical. However, (g 0 , f) is not nilpotent by (2), contradicting local nilpotency of the Hirsch-Plotkin radical.
Hence there is a uniform bound (depending only on /), and F is nilpotent by Proposition 6.
We shall now look at various radicals related to Engel identities. Definition 9. Let G be a group and H a subgroup. 
and bounded right Engel elements by L{G), L(G), R(G), and R(G), respectively.
Note that if g' 1 is right n-Engel and x is in G, then [*, n+1 g] = \g~*g*g] = \s7niY = 1, and so $ is left (n + 1)-Engel. It is easy to see that L(G) contains the Hirsch-Plotkin radical, L(G) contains the Fitting subgroup (in fact, even the Baer radical), R(G) contains the hypercentre Z m (G), and R(G) contains the &>-centre Z a (G). For a finite group, any Engel identity implies nilpotency, the set of left Engel elements is the Fitting subgroup, and the set of right Engel elements equals the hypercentre.
Engel identities arise naturally in the context of groups of small exponent. For example, a group of exponent three satisfies the second Engel identity. They are also related to the Burnside Problems and the structure of Engel Lie algebras (cf. [10] ).
In general it is not even known that the above sets of Engel elements form subgroups of G. For soluble groups this has been shown by Gruenberg in [3] , where he introduces two more radicals, p(G):= \g eG:(g) is subnormal in (g, h c ) for all h e G} and p(G): = {g e G:(g) is ascendant in (g, h c ) for all h e G}. These are characteristic subgroups satisfying Z^^^p^^B^G)
and
and R(G) = p(G).
This clearly implies that the Hirsch-Plotkin radical equals the Gruenberg radical in any soluble group. As for the other radicals, Gruenberg gives an example of a countably generated metabelian group G such that
Gr(G), B(G), p(G), p~(G), ZJ(3), and Z W (G) are all distinct. One of the fundamental lemmas in Gruenberg's investigations is the following.
Fact 14. [3] Let H be normalized by g and suppose that H has a generating set Y such that [Y^g] = 1 holds. If H is nilpotent of class c, then (H, g) is nilpotent of class at most m(m -1)
, where m = max {n, c + 1}. THEOREM 
Let G be an Ti c -group L a G-invariant subset of bounded left Engel elements, and R a G-invariant subset of bounded right Engel elements. Then if G/C C (L) is soluble, LcF(G), and if G/C G (R) is soluble, R c Z U (G).
In particular, L{G) = F(G) and R(G)
Proof. First, we consider the group <L) X GIC G (L)-It is soluble, so by Fact 13 its bounded left Engel elements (which contain L) equal the Baer radical. But then (L) is a normal Baer subgroup of G, and therefore contained in F(G) by Corollary 11.
For the second assertion, we can clearly assume that R is a set of right n -Engel elements. As they are also bounded left Engel, R is contained in F(G) and generates a nilpotent normal subgroup N. Then by Fact 14, for any g e G the group generated by N and g is nilpotent of class at most m(m -1) where m = max {«, class(/V) +1}. As this is independent of g, all the elements of N are right m(m + 1)-Engel. We may hence assume that R is a subgroup of right n -Engel elements for some n < a.
We shall prove inductively that R is contained in some iterated centre of RG°\ where i runs from the derived length s of G/C C (R) to 0. 
n a = 0 for all i = 0,..., k and a e A. By Lemma 3 we get a e C^(7?
. Hence R itself lies in some iterated centre of RG V \ and finally R lies in some iterated centre of G.
Local nilpotency and sub-ice groups
Definition 16. Let G be a group, and H a subgroup of G. We call H definable if there is some formula <p(x) with parameters such that H is the set of all g e G such that (p(g) holds in G. A subgroup K of // is relatively definable (with respect to //) if there is a formula <p(x) such that K is the set of all g e H such that <p(g) holds in G. (Note that the truth of a formula in a group and in a subgroup are generally two different things, unless the formula involves no quantifiers.) A family {//,: / E /} of subgroups of G is uniformly definable if there is a formula <p(x, y) such that every H, is denned by <p(x, a t ) for some suitable parameters d it and a family {K t : i e /} of subgroups of H is relatively uniformly definable if every K, is relatively defined by <p(x, a t ) for a suitable formula <p and parameters a,.
Definition 17. The ice is the uniform chain condition on chains of intersections of families of uniformly definable subgroups, i.e. any chain of subgroups of the form (~~) <p(x, a,) has its length bounded by a function of <p.
'" In particular, any group satisfying the ice is Wl c , as C c {a\,..., a n ) is given by the formula Axa, = a t x, and the ice implies that every centralizer is the centralizer of finitely many elements. Note that, in contrast to the Wl c case, the ice yields a finite bound on every chain of centralizers. The importance of the ice stems from the fact that every stable group satisfies the ice; for more information on the model-theoretic content of stability we refer the reader to the books by Poizat [5] and Borovik-Nesin [2] . Clearly, the ice is preserved under definable subgroups and quotients. Proof. Suppose G is locally nilpotent sub-ice. By Fact 2(2), it must be soluble, and there is a characteristic series {1} = G o « G x «£ • • •« G, = G of centralizers in G such that all the quotients G,+,/G, are abelian. We shall show inductively that G t has a hypercentral series of G-invariant subgroups which are definable relative to G.
The assertion holds trivially for / = 0 and i = 1. So suppose it holds for G h and there is a series of relatively definable G-invariant subgroups {1} = N o *s fy «s • • • « N a = G h continuous at limit ordinals, such that for any j<a we have N J+1 /NJ^Z(G,/NJ).
By Lemma 19, for every ; the quotient G l+x INj is sub-ice, and its centre is the centralizer of finitely many elements g. Now G^I/CQ^NJ+JNJ) is abelian, and for any g e Nj+i the group generated by g and g is nilpotent. We may hence apply Lemma 3 to the action of G l+1 IG' l+l on N l+l by conjugation, and deduce that g is contained in Z m (G l+i /Nj) for some m<w. But then JNZ^G/j), and G l+l has a hypercentral series of length at most co • a + 1. Clearly, these iterated centres are again G-characteristic and definable relative to G.
It follows that G has hypercentral length at most &''* + co'~2 + • • • +1, that is, less than co'.
In particular, the Hirsch-Plotkin radical of a sub-ice group is hypercentral. We should note that hypercentrality, and even definable hypercentrality, is not preserved under elementary equivalence, once the hypercentral length is infinite.
It is unknown whether the assumption of Theorem 20 may be weakened to "2ft c ", or the conclusion strengthened to "nilpotent-byfinite". Wilson [9] has shown that we cannot have both at the same time, in contrast to the periodic case (Bryant [1] ).
COROLLARY 21. Suppose G is an ice-group without an infinite ascending chain of definable subgroups, each of infinite index over its predecessor. If H is a locally nilpotent subgroup of G, then H is nilpotent-by -finite.
In particular, the assumptions on G are satisfied for a group of finite Lascar rank (see [2] or [5] for a definition of rank). We shall now use induction on the derived length of H. If H is abelian, we are done. So consider a relatively definable normal soluble subgroup 5 containing H' of the same derived length as //'. By inductive hypothesis, it has a nilpotent subgroup N of finite index and class c, say, which we may take to be relatively definable and normal in H. But then for every i < c there is a subgroup H, of finite index in H and some n t < w such that 
Proof. First, we shall show that if A is a relatively definable normal abelian subgroup of H centralized by H', then there is a subgroup H o of finite index in H and some n < w such that A ss C«(// o ). So consider the series C A (H) of iterated centralizers. By Lemma 3, the union C A (H) =
(2) G is a Gruenberg group, (3) G satisfies the normalizer condition, and (4) G is hypercentral
Proof. Clearly, hypercentrality implies the normalizer condition, which implies that G is a Gruenberg group. Since the Gruenberg radical is contained in the Hirsch-Plotkin radical, being a Gruenberg group implies local nilpotency. The last implication is Theorem 20.
We shall now study Engel elements in sub-ice groups. The first result improves [7, Theorem 5] : THEOREM 
Let G be a sub-ice group. Then L(G) = B(G) = F(G) and L(G) = Gr(G) = HP(G).
Proof. Suppose, for a contradiction, that the group generated by L(G) were not soluble. By Fact 13, any soluble subgroup generated by a subset of L(G) is locally nilpotent, and thus ^-soluble for some fixed k < o> by 
that L{G)^Gr(S) and L(G)^F(S). But clearly Gr(S)*z Gr(G)*zHP(G)cL(G) and F(S)*zF(G) = B{G)^L(G). The result follows.
In particular, the set of (bounded) left Engel elements is closed under inversion and products. COROLLARY 
A sub-icc group is nUpotent if and only if any two-generated sub-group is nUpotent of bounded class.
Proof. The condition is clearly necessary. On the other hand, if G is uniformly bi-nilpotent, then every element is bounded left Engel, and the group equals its Fitting subgroup.
The situation with respect to right Engel elements is not quite so satisfactory. As the example of the semi-direct product of the Prtlfer 2-group with an inversion shows, the hypercentre even of a group of Morley rank 1 (and degree 2) need not be definable in general (go to an elementary extension!); in particular it need not equal some finite iterated centre, and there is no bound on n in right n-Engelness. More serious, however, is the lack of a suitable result for 2-generated subgroups: If N is a normal subgroup of G which consists of right n -Engel elements and if g, h e G, then it can happen that N is not hypercentral in (N, g, h) (consider an infinite Tarski monster M of exponent p and generated by two elements g and h acting on the group ring N:
with G = NXM).
Since any (bounded) right Engel element is (bounded) left Engel, a right Engel element must lie in the Hirsch-Plotkin radical, and a bounded right Engel element must lie in the Fitting subgroup. For a soluble sub-icc group, we can now characterize the set of right Engel elements: THEOREM 
Let G be a sub-icc group, and R a G-invariant subset of right Engel elements such that G/C G (R) is soluble. Then R c Z a {G) for some a < co 1 , where s denotes the derived length of G/C G (R).
In particular, if G is soluble, then R(G) = Z a (G).
Proof. By Fact 13, we may assume that R forms a subgroup of HP(G). We shall show inductively that there is a transfinite series {1} = R o «£ R t *s • • • *£ R a = R of relatively definable G -invariant subgroups of R such that for every / < a the quotient R i+ \IRi is centralized by G u) , for ; ranging from the derived length s of G/C G (R) to zero. This is clear if; =s. So suppose (R,: / =s a) is such a series for G^' 1 *, and consider the action of G w on a quotient i? /+1 /7? i by conjugation. Since R t is definable relative to R and G-invariant, there is a relatively definable normal subgroup N of RG U) with Nr\R = R,. Then RG^/N is sub-icc and 3W C ; in particular CRNIN^G^) = Cfw/fAM) for a finite subset g e G^. But for any r e R and g E G w the commutator [r, g] Proof. Let /3 be minimal such that G/C G (Z^(G)) is not soluble. As C G (Z P (G)) is the centralizer of a finite number of elements, 0 must be a successor ordinal. But now for z e Z^ the map y z : xt-^[z,x] is a homomorphism from C a (Zp-\{G)) to Z^_i(G) D C G (Z^_i(G)), which is abelian. It follows that
contradicting the choice of /3. Hence G/C G (Zoo(G)) is soluble. We may now apply Theorem 26 to R : = ZJJ3) and are done. Finally, we shall consider bounded right Engel elements in a nonsoluble sub-ice group. We shall need a theorem due to Heineken [4] An inspection of the proofs above shows that the only obstacle to a hypercentrality theorem for bounded right Engel elements is the possible existence of a very bad group: A sub-ice p-group G of finite exponent with nontrivial soluble radical R, which is not contained in the hypercentre (note that every element of R, is bounded right Engel). In the case of finite Morley rank we may simplify further and assume that GIR, is a bad group: A simple nonsoluble connected group whose proper connected subgroups are nilpotent. Minimal such groups have a single conjugacy class of maximal connected self-normalizing nilpotent subgroups, which cover the group and intersect trivially. It now seems quite probable that they exist; whether one can in addition make them act non-trivially on an elementary abelian p-group (and retain finite Morley rank) is another question. Our results at least imply that p cannot be greater than the square of the rank.
